Observations of the attenuation of free oscillations after large earthquakes are used to determine the spherically symmetric dissipative structure within the Earth. We model intrinsic attenuation of seismic energy between 0.3 and 10mHz with a frequency-independent Q model. The resolving power of our data indicates that simple models of Q can explain our observations and that we d o not have enough information to constrain detailed absorption band models.
INTRODUCTION
Accurate determination of modal attenuation is difficult for two reasons. Dahlen (1976) has shown that, if the complex frequency o + i L y of a mode is measured with a least-squares estimator, the relative standard deviation in the attenuation, a, is 2Q times larger than the relative standard deviation in frequency. Here, Q = o/2a is the quality factor of the mode. Since typical modal Q values lie between lo2 and lo3, we expect measured Q values to be between 200 and 2000 times less precise than the corresponding frequencies. Clearly, the elastic structure of the Earth will always be much better known than the anelastic structure.
The second difficulty is due to the effect of aspherical structure which produces beating between the singlets within a multiplet. This beating effect leads to a large scatter in frequency and apparent attenuation measurements though the average value of many measurements of apparent attenuation appears to be an unbiased estimate of the mean attenuation of the mode (Davis 1985) . This means that aspherical structure can essentially be regarded as a source of noise in estimates of mean attenuation, though it must be emphasized that it is a source with large variance and attenuation values based on small numbers of measurements must be suspect.
Since fundamental modes generally constitute the largest signal in low-frequency spectra, they have been extensively studied and apparent shifts of the centre frequencies of such modes have been used to constrain the large-scale lateral variation of the elastic structure in the upper mantle (Masters ef al. 1982; Davis 1987; Romanowicz, Roult & Kohl 1987) . Smith & Masters (1989a) have extended the analysis to model the interference effects of aspherical structure on the measured apparent attenuation and have simultaneously estimated the structure coefficients (Ritzwoller, Masters & Gilbert 1986 , equation 5b) for elastic and anelastic structure. A product of their analysis is a set of reliable estimates of the mean frequency and attenuation of the modes. An attempt to model the variation in the attenuation measurements of spheroidal fundamental modes has shown that by estimating degree-2 Q structure simultaneously with the elastic structure yields only a 2.1 per cent variance reduction over models which do not allow for lateral variation of Q (Smith & Masters 1989a ). This is disappointing since degree-2 elastic structure is responsible for over 60 per cent of the variance in the frequency shift observations.
Rather than trying to resolve higher degree lateral Q structure, the goal of this study is to use the relatively well-known mean attenuation rates to determine a new radially symmetric Q model. We begin by discussing a new mean modal attenuation data set consisting of our own observations and selected measurements from the literature. A resolving power analysis indicates that we still have very few independent constraints on attenuation structure and also suggests how to best parametrize our model. Finally we invert the observations using various techniques. Differences between the resulting models can be attributed to the particular choice of a model norm whereas similarities can be interpreted as features preferred by the data.
THE Q DATA SET
We have collected the most reliable Q measurements from the literature and augmented this data set with many new measurements of our own. Most of our final Q values are based on the application of several measurement techniques to data sets of many hundreds of records. Such large-scale experiments are necessary to assess the often dramatic effects of aspherical structure on the apparent attenuation of a mode.
For the fundamental modes oS,-oS52 and oTll-oT37, we have chosen to use the results of Smith & Masters (1989a . Their mean attenuation estimates are averages of between 600 and 1500 individual measurements per spheroidal mode and between 100 and 250 per toroidal mode. The basic measuring technique consists of fitting a synthetic resonance function to single data spectra in a narrow frequency band around the target mode ). The free parameters in this procedure are the complex initial amplitude and the complex frequency. No use is made of the source mechanism to predict the initial phase or amplitude. After interactively assigning a signal-to-noise level, the error in the measurement of the complex frequency is computed following Dahlen (1982) . Elastic and anelastic structure coefficients as well as the complex degenerate frequency of the mode can be simultaneously estimated from such observations. The resulting mean attenuation rates have been corrected for the effects of Coriolis coupling (Masters, Park & Gilbert 1983; Smith & Masters 1989b ). This correction is typically 10 per cent but can be as large as 25 per cent; the modes which have been corrected are noted in Table 1 . The approximations used in the analysis by Smith & Masters (1989b) are not valid for very-low frequency fundamental modes, and we resort to two different techniques. We either use singlet stripping (Gilbert 1971a; Buland, Berger & Gilbert 1979 ) and average the Q observations obtained from the singlet strips or we simply use a bootstrapping technique (Efron & Tibshirani 1986) to estimate the mean Q value from the single record measurements.
In principle, we could use the measurements of Q of individual singlets retrieved by the singlet-stripping algorithm to constrain lateral variations in attenuation structure. Usually, the precision of the measurements is insufficient to allow this to be done. In the case of &., the rotational splitting of the multiplet is large enough to completely separate the individual singlets in frequency. Tanimoto (1990) has used the apparent variation of the singlet Q values of this mode to infer large-scale aspherical anelastic structure in the lower mantle. Using the same data as Tanimoto, we find that the singlet Q values of this mode depend strongly on record length used in the analysis suggesting that an analysis in terms of aspherical Q structure may be premature. The average Q of the singlets of a multiplet does, however, seem to be robustly determined by the data so allowing retrieval of spherically averaged Q structure.
Individual Q observations are difficult to make for fundamental modes with frequencies higher than about 6 m H z because of significant overlap with nearest neighbours and our estimates of the mean attenuation are correspondingly less precise. A few relatively high I overtones which can be observed on individual spectra can be treated using the same techniques as for fundamental modes and are included in the final data set.
We use the measurements of Riedesel el al. (1980) for the radial modes and The modes *So to .J0 have been 440  598  614  700  838  925  1003  I039  1079  1151  1317  1314  1500  1 I33  1251  1280  1401  1448  1522  1309  1244  1213 observed on individual spectra and by using multiplet stripping techniques (Gilbert & Dziewonski 1975 (Park 1990 ) which may lead to a small bias in their Q values though this bias is hard to assess in the absence of a comprehensive 3-D model of the Earth. At frequencies higher than about 6 mHz, the identification of individual modes on single record spectra becomes nearly impossible due to the large overlap between adjacent modes. The only exceptions are the high-Q, PKIKPequivalent modes since they are coarsely spaced in frequency and generally decay slower than neighbouring modes. We find that all PKIKP modes with 1 greater than one are observably split and we have made separate Q measurements of all distinct spectral peaks. The interference between the singlets of such a multiplet leads to a large scatter in such measurements yet our estimated mean Q values are in good agreement with our own singlet stripping results and the results of Giardini, Li & Woodhouse (1988) who use an iterative spectral fitting technique to model the shape of the spectrum taking both the effect of 3-D elastic 
- and I-D anelastic structure into account. Fig. l(a) shows a perspective view of a collection of amplitude spectra from which we have measured frequency and Q of the mode while Fig. l exceeds the size of the measurement error. In the case of fundamental modes and a small number of spheroidal overtones we are able to estimate the bias without the use of a synthetic experiment. We simply compare the Q measurements of the multiplet stripping technique with the (unbiased) means of single record measurements. This comparison shows that the bias towards low Q vanes between 20 and 40 per cent. These observations therefore place lower bounds on Q and could be incorporated as such into the inversions for Q structure. This bias is sufficiently large that little additional information is gained by using the multiplet strip measurements so they have not been included in the final data set. Indeed, the models presented in the next section are all consistent with bounds provided by the multiplet strip data. Some authors (Okal & Jo 1990 ) have chosen to correct the bias in Q measurements from stacks by using the prediction of low-order models of the 3-D structure of the Earth. They estimate the bias to be about 12 per cent for model M84A (Woodhouse & Dziewonski 1984) which is much smaller than the bias that we observe for fundamental modes. This is probably due to the lack of short-wavelength structure in the available mantle models.
This suggests that correction of the bias in multiplet stack or strip Q measurements cannot be reliably done given the current status of knowledge of 3-D mantle structure.
It has recently been pointed out that, in the presence of anelasticity, the normal modes of a spherically symmetric model can be coupled if they are of the same type and harmonic degree (Lognonne 1989; Tromp & Dahlen 1990 ). This can result in perturbations to the apparent attenuation rates though calculations show that none of the observed modes has its Q value significantly affected. The only current exception to this is the mode ,J, which has already been dropped from the data set since its character is a strong function of inner core structure. Table 1 gives the centre frequency and attenuation measurements used in our inversion experiments. The data set consists of 9 radial modes, 55 fundamental spheroidal modes, 30 fundamental toroidal modes and 52 spheroidal overtones (30 of which are sensitive to the structure of the core). We have not included the core modes, 6.!& and ,S3 which were first thought to be observed by Masters & Gilbert (1981) and, more recently, by Fukao & Suda (1989).
Masters & Gilbert originally felt sure of the identification of these observations because no other mode was known to exist at the frequencies at which these clear, high-Q spectral lines were observed. It was later found that Coriolis coupling leads to energy on vertical component recordings at toroidal mode frequencies over a large frequency band . Unfortunately, both 6S2 and ,S3 are at potentially coupled toroidal mode frequencies and so may be misidentified. It might be argued that the high Q of the observations mitigates against them being dominantly fundamental toroidal mode energy but we have often observed 'high-Q' components of supposedly low Q modes.
We illustrate this in Fig. 3 . This figure shows a frequency band containing three fundamental spheroidal modes, a high Q radial mode and some high Q overtones. June, 1977 . The top panel is of a data segment starting 5 hr after the event, the middle panel starts 10 hr later while the lower panel starts 10 hr later still. Note how lumps of energy persist at fundamental spheroidal mode peak frequencies and actually grow relative to the high Q radial mode 4So. This suggests that supposedly low-Q modes can have weak apparently high-Q components which can potentially be confused with 'core modes' (such as llS2).
that these lines must have a higher Q than 1200 but note that all the lines at fundamental spheroidal mode frequencies appear to grow relative to the radial mode. A measurement of Q gives a very uncertain value of about 3000 for these modes yet there are n o high-Q overtones at the frequencies of oS3, and 0S32. At present, we d o not have a completely satisfactory explanation of this behaviour though it is possibly just an artifact of the extremely low signal levels with which we are working. These results d o indicate that an identification of a core mode based on a Q argument must be treated with suspicion.
INVERSION
It is convenient t o work with inverse Q rather than Q itself and we follow and define as our datum qi=lOOO/Qi. The model is defined as the pair of functions q,,(r), q,(r) where q,, = lOOO/Q, and similarly for 9K. Under the assumption that the elastic structure is sufficiently well known and that the elastic energy densities of the modes can be computed, we have a linear inverse problem to solve of the form The kernels Ki and Mi are proportional to the compressional and shear energy density of the ith mode and can be computed for a given radially symmetric distribution of the density and elastic moduli within the Earth (Backus & Gilbert 1967 ). We use model 1066A (Gilbert & Dziewonski 1975) as a reference elastic model though the choice is unimportant for the vast majority of modes. (A few modes have characteristics which are a strong function of inner core structure but these have been eliminated from the data set.) The class of possible solutions to equation (1) is limited by the requirement that energy be dissipated at all depths which is equivalent to the condition The determination of the qK and qjl structure from modal Q values is an extremely poorly conditioned inverse problem. The reason for this is that the relatively low precision of the data means that many of our observations do not place independent constraints on the model. This problem is further aggravated by the fact that most of the observations in our data set come from fundamental spheroidal and toroidal modes whose energy distribution is dominated by shear energy in the upper mantle and whose radial sensitivity is mainly confined to the upper mantle. Very few of our observations are at all sensitive to bulk attenuation, the only exception being the radial modes, and as a consequence 9, is much more poorly constrained than 9r. We use the ranking and winnowing procedure of Gilbert (1971b) to determine the number of independent constraints on the model provided by the data set (we call these significant Earth data or 'sEd'). We find that there are only six sEd with a relative error of less than 10 per cent and 29sEd with a relative error of less than 50 per cent. With this number of independent constraints, it is hard to justify looking for complex models of dissipative structure and we have chosen to consider only those models where Q can be regarded as independent of frequency over the frequency range of our observations.
In a first experiment, we look for internal consistency in our data set. To do this, we parametrize the model with a large number of layers of constant q. Given the small number of sEd, our problem is underdetermined as long as we do not impose any additional constraints on the model. If our data are consistent and our error estimates realistic we should be able to fit the observations on average to within one standard deviation. We discretize the model by Taking our observed data as 9, f E; we have Normalizing every datum q1 and its corresponding row in G by the error 6; we have 6, = Q i I E i , Hil = Gi,/ei,
2L
H p 1 = b,, standard deviation 1.
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In matrix notation, the problem to be solved is then minimize llHm -bll subject to m 2 0.
We use the FORTRAN procedure NNLS (Lawson & Hanson 1974 ) to solve (6). We find that the scatter in the q measurements for the fundamental modes is too large to be fit by physically reasonable, spherically symmetric models. Detailed inspection of the fits of these modes suggests that coupling to other modes may be weakly perturbing the observed 4's. An increase in the errors on these measurements by a factor 2 is sufficient to allow an acceptable fit. We fit the entire data set to within 1.4 standard deviations on average which indicates that our error estimates are still slightly too optimistic or that there are inconsistent observations left in the data set. The final data set which we use throughout the subsequent modelling is presented in Table 1 . We now investigate the ability of the data set to resolve the radially symmetric qr and 9K structure. We try to answer the question of how well the average property within a layer is constrained by the data. In particular we would like to minimize simultaneously the variance of the estimated property and the bias of the estimate due to the influence of the 9 structure in the adjacent layers. This is a classical case of a trade-off calculation and we follow the procedure outlined by to evaluate this trade-off. Boxcar-like averaging functions are constructed by forming linear combinations of the orthogonalized representers. Naturally, we start out by summing the representers associated with the most precise sEd. Our approximation to a boxcar improves as we increase the number of representers in the sum which means that increasingly less information from outside the interval of interest affects our estimate of the average property within the target interval. The price paid for improving our approximation to the boxcar, i.e. reducing the bias, is that we have to include representers whose associated data have increasingly large errors which means that the variance of the estimated mean is also increasing. We are thus faced with a trade-off between the variance in the estimated average property and the bias of this average due to leakage from neighbouring regions. We show averaging functions for the inner core, the upper mantle and the whole mantle in Fig. 4 . While the average 9,, of the mantle can be determined to within 2 per cent, the average q,, for other regions is more poorly constrained. Fig. 5 shows the trade-offs for If our approximation to a boxcar function leaks into a region of low q , we do not expect our estimate of q in the target layer to be strongly biased. On the other hand, our estimate can be severely biased if the boxcar approximation leaks only slightly into a high 4 region. The sign of the bias depends on the sign of the 'spill-over' which is an integrated measure of how much our approximation to a boxcar leaks out of the layer of interest (see . Consequently high-q (low-Q) zones are well constrained and low-q (high-Q) zones are ill-constrained which is an especially serious problem for qK. The results of the trade-off calculations are summarized in Table 2 . As we expect, the error of the average shear q is large if we ask for the average in a thin layer such as D" and, conversely, the errors are small if we look at the average over a large depth range. It is difficult to assess the effect of a given spill-over but an indication of the severity of the bias may be obtained by looking at the trade-off diagrams (Fig. 5) . If the estimated average q does not vary with varying spill-over then our estimate is likely to be a robust one. This is certainly the case for qv in the mantle.
While a resolution analysis can help us to understand the ability of the data to constrain structure, it is not a very good way to construct actual models. In the following, we will take two different approaches to the construction of q models, the reason being that we want to emphasize the difference between model features required by the data and features which are due to a particular inversion scheme.
In the first scheme, we simply look for the model with the minimum L2 norm. The solution is straightforward and is 
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perhaps the most frequently used approach to model construction. Let us write the forward problem in its simplest form:
(9)
This form can be obtained from (1) Let us assume that the representers G,(r) have been ranked and winnowed so that r G j ( r ) G j ( r ) dr = 6,.
It is usually true that the representers associated with the most precise sEd are smooth functions of radius and that the representers become increasingly oscillatory as the error of the sEd increases. This feature allows us to control the amount of structure in the model. Let
then we can use (9) and the orthogonality relation (10) to find the expansion coefficients a;.: As we increase N*, the number of sEd used to construct the model, the x2 misfit decreases but the model norm increases rapidly. We show the resulting models for three different x2 values in Fig. 6 . qr is positive for all three cases whereas qK oscillates between positive and negative values. Since we have not parametrized the model variables, we are unable to directly impose a positivity constraint with this particular model-construction technique. Inspection of the resulting models suggests that qr is quite well determined throughout the mantle but, as expected, qr, is very poorly determined.
Since minimum L, norm models can be quite oscillatory, we seek an improved model construction technique which suppresses this behaviour. One way to do this is to parametrize the model very coarsely. The effect of such a parametrization is to reduce the class of possible solutions though we must be careful that we still allow enough degrees of freedom of the right kind to allow models which are an adequate approximation to the true solution. A second and more satisfactory approach is to overparametrize 0 2000 4000 6000 Radius (km) Figure 6 . The minimum L, norm models obtained by summing up six (tap), 11 (middle) and 30 (bottom) orthogonalized representers. The corresponding x 2 / N values for the three models are 4.5, 2.8 and 1.4 respectively. While the first model exhibits little structure and has a small model norm it does a poor job fitting the observations. The third model fits the data very well but is too oscillatory to be physically reasonable. Furthermore, it has an excessively large model norm. The second model represents a reasonable compromise and 9, is well behaved in the mantle. In the core 9, oscillates strongly and at places exceeds the value of q,,.
There the model has to be rejected on physical grounds. the model and penalize the solution for roughness. This approach allows the data to dictate where structure is to occur in the model rather than the prejudices of the investigator. In the following derivation, we follow closely the notation of Constable, Parker & Constable (1987) . We use the same discretization as in equation (3) and as measure of roughness we choose both first and second We modify these two measures of roughness t o allow for step discontinuities at the inner core boundary (ICB) and core-mantle boundary (CMB). In matrix notation we can write our forward problem as
the misfit to the data as where we assume that the data and their associated representers have been normalized to unit variance as in equation (7). The roughness measures can be written as a matrix operation, e.g. where N is the number of data is 1.4 for v = 0. Fig. 7 shows the resulting models for a target x 2 / N of 2 using both R , and R , as a measure of roughness. We refer to these models as QMl and QM2 respectively and the values for model QM1 are presented in Table 3 . To confirm that no mode branches are systematically misfit, we have plotted the observed q values against the predictions of QM1 in Fig. 8 . The two models are nearly identical in the mantle which indicates that the structure is dictated by the data and not by the particular measure of roughness. Both QMl and QM2 exhibit a positive q,, gradient in the inner core but its magnitude is quite different for the two models. To see whether this gradient is a resolved feature, we look at the effect of the inner core qr structure o n the total misfit to the data. We find that a model with a constant q,, in the inner core with a value equal to the average inner core shear q of the above models has only a 0.03 per cent effect on the total 1 ' . A constant q,, in the inner core increases x2 by 3.1 per cent if we consider only those modes sensitive to inner core structure. We can thus conclude that the details of the q,, structure in the inner core are not resolved by the data and a constant q,, model is adequate. The average value of inner core qp in the two models is very similar and Fig. 9 shows the effect on the fit to the data of varying this parameter by f 3 0 per cent. If qr is decreased to 7, the modes 2,S2, and ,& are misfit by more than 2.5 standard Figure 7 . The smoothest models, OM1 and QM2, to fit our observations with x 2 / N = 2.0. The measures of roughness used are first and second differences respectively. The discretization of 9 . is coarse reflecting our inahility to constrain this parameter. Dashed lines are for qx and solid lines are for 9,,.
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deviations, while if qr is increased to 11 it is the modes ,4S4, ,,S, and J4 which are misfit by more than 2.5 standard deviations. It is thus reasonable to conclude that the average 9,, value for the inner core is 9 f 25 per cent.
The shear Q of the minimum L, norm model (Fig. 6b ) compares well with both QM1 and QM2 down to the middle of the lower mantle. The qr models diverge below this depth due mainly to the physically unreasonable behaviour of qK in the minimum L, norm model. This kind of behaviour is possible since qK was not constrained to be a smoothly varying, positive function. Clearly we have to discard the minimum L, norm model for inferences at the base of the mantle and in the core. The good agreement between the three models in the upper mantle is due to the fact that our most precise data come from observations of fundamental spheroidal modes. Models QM1 and QM2 look similar in shape to many models which have previously appeared in the literature though some of the older models must be rejected since they d o not adequately fit the improved data set. This is demonstrated in Table 5 where we show the fits of three older models to the data. Most of the misfit comes from small differences in shear Q structure in the upper mantle. (a) The radii listed anespond to the radii of the tcrp of a layer.
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CONCLUSIONS
The data set of mean attenuation values presented in this paper is probably the most comprehensive and precise to date. Many of these values are inferred from thousands of individual estimates to overcome the large signal from interference effects caused by aspherical structure. Despite this, our data set covers too small a frequency band and is insufficiently precise for us to be able to constrain complex absorption models of attenuation. We therefore have chosen to assume that Q is independent of frequency-an assumption which seems to be in general agreement with the data though is certainly not mandated by them.
Our modelling indicates that shear Q is reasonably well determined in the mantle with an average value of 250 f 2 per cent. Our models indicate that attenuation is greatest in the upper mantle though the lower mantle also shows a systematic increase in attenuation as one goes deeper. Perhaps this is suggestive of the mantle geotherm approaching the solidus temperature with increasing depth. Details of shear Q in the inner core are not constrained by the mode data and is best determined near the ICB. We find that a value of 110 (precise to 25 per cent) seems to be The total x2 has a well-defined minimum at 9, = 9.
required by the data. This is in conflict with apparent observations of the attenuation of 'core modes' but we feel that such observations are susceptible t o misidentification and must be treated with caution. It is also true that shear 9
in the inner core is constrained by only a few modes and, since 9 observations are susceptible t o bias, it is possible that expansion of the data set will dictate a different value from that given here. Comparisons between the waveforms of PKP( DF) and P K P ( B C ) have been used t o estimate Q, within the inner core (e.g., Doornbos 1974 Doornbos , 1983 Cormier 1981) . These studies have generally indicated that P-wave attenuation is relatively strong in the outer inner core (Q, = 200) with decreasing attenuation with depth in the inner core (Q, = loo0 at the centre). Our new value for average inner core shear Q predicts attenuation of body waves which is in much better agreement with these observations though, if all attenuation is in shear, the body wave data suggest that the shear Q should be about 30 in the upper part of the inner core. Our data are inconsistent with such a value so, if all measurements are taken at face value, we must have strong frequency dependence of Q or there must be significant bulk attenuation in the inner core. In fact, there is some evidence that the body waves are sensing an absorption band which is centred at frequencies higher than 1 Hz (Doornbos 1983; Bhattacharyya, Shearer & Masters 1990 ). The existence of such an absorption band would not significantly affect the attenuation of low-frequency modes and seems the most likely explanation for the apparent discrepancy between modal and body-wave attenuation measurements.
Finally, we note that the distribution of bulk attenuation in the Earth is still very poorly determined and we can say little beyond the well-known fact that it must exist to satisfy the Q observations of the radial modes. 
